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Abstract

-

A 8mooudpw introduced new diagram technique for the evaluation
of Green's functions is extended to the case of Fermi fields.
We use a Hilbert space of anticommuting "classical"™ variables
(so-called Grassmann variables) with involution. The Mlvowbd
function is a certain functional integral over this space. ;
The basic idea is to expand the exponential of the derivative
part of the Lagrangeamn. The resulting sum Hmkwwwmam@ within a
lattice space formalism. The full interaction is contained in
gome trivial integrals over Grassmann variables. All infinite
dimensional integrals are carried out explicitly.

Although the mathematical manipulations are quite different from
the usual ones the resulting graphs are very similar to those
of the Bose case.

The full graph monBm may be mssaoa vaHHoH¢H% in the case of the
free Fermion.

& mQumHmHMNmﬁwoB of awm mHmww scheme to n-point functions is
straightforward. At a later stage we hope to treat the Thirring
model and the Huﬂmwmoawob.ow several fields. .

Our formalism is an alternative to the expansion of the
exponential of the coupling term which would yield the old-
fashioned perturbation «wmouﬁy
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II. Derivation of the graph scheme

We start with the expression for the 2-point function _..mu 9 _”m.._

_.rw,\m 7 (x-Yy) = AM_ T ﬂmEv Y, (x) [0 B

.5 / (2.%)
m\..\bﬂefn. Faly) Yulx)
S 5
%@e d¥e
S = ?&xmma%?f ®FEN] = [d% E&.PW w.w*m
(The conventions are taken from the textbook by Bogoliubov
and Shirkov.,) .

The fields Wa(%*) in the functional integral are the so-called
classical quantities in the Fermi case, elements of a Grassmann
algebra with involution 1]

{0, iy} = { vat), r_\.wzm& ﬁ tu'ld ._\E@m 0 (2.3

,> useful bmm&“_.wumdwou is
i 8¢
= [oFDYe O (2.4)
Our functional integrals are limits of expressions defined in a
lattice space with lattice constant € and volume V:
Faty) Yutx)

(2.5)

fovove” ﬂn% W) = Yim tim [T PLAZITIS

Mlvo <av8

with & : all spinor indexes
i, J : all cells in the lattice space Asﬁ.«w volume m v

Further details on lattice space omwoﬁ.mﬁwoﬁm are given in
appendix A, on Grassmann variables in appendix B.

The basic idea is to expand the exponential of the derivative
part of the Lagrangean under the functional g&mwu.m“_..

For the numerator of (2.1) this reads

©° . . iS4 ri$ K
S & JOP DY e T Wty Yulx) [i%] (2.6
K=0O v
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[T, d¥eti)d fd) w.?m.n.% A
Ho= ey Mpa E (2.10)
‘ . d .
— [A &0
.\.:.&.Sw d ¥ m_ ¥s Yu
&
Mga= - Map = — —dz. | (2.11)

\m_.a.ﬁw d¥% e

338 is a trivial multiple integral. The infinity of integrations
is absorbed by the adapted normalization of both denominator

and numerator, : _ 0 S: — _
%.\“sas % R‘ow._.. DY e Vs (y) Y, (x) Y34 (§a) Yg,u %)
fy is nonzero only if one of the following Hm“_.mm“_.osm holds:
X=y¥ =X =7J;¢ oqx.c ,%x.x.. kx..f
Iy Ixy,yy [A= Ixixal
dx, 44 Ixa,y H‘.|%x.§u

]
geo

x=3#3x =7y

@0

X=yF X =y

So Sm\mmé“ (u..b mbm“_.omua to ..\.wm : , whad) :
(B Bacd) 3B 434 .
= Yale. ﬁ (Mes paaa - ! MpeMp,a, - ©) z\?x?,@
Iy Ix, x4 Iy,
(B Bada) m«b&ah;&v
SM 3@& 3? oly a?& dis, y, +€) Kb&. ZPR Jx, Y, &r....-
| | (2.12)
. .. dw,
e JT d¥d s RARL Vs fu ¥, Y, :
M dy = : - — :
it fads JTa¥sdi%s oL , (2.13)

) daflacl
- Pactors like A..vucm 1442) come from the necessary intlerchanges
of fh«.s:. Yu.(¥s) to separate the two kaa P Zu..g."

ﬂ\p Yo .—ﬂ@a ‘P& = == ﬂﬁ t\ﬂé ﬂha Ve
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Here we have used relation (A.8):
I,y = m&n\m (x-y)

Now we have all preliminaries to find the graph scheme which
gives us a practical tool to evaluate all the contributions:
Every group of equal space-time arguments corresponds to a
vertex of a graph. The vertices carry besides the product of
dg(%-Y;) an f-coefficient with corresponding spinor indexes.
Every graph has a numerical overall factor, a sign factor from
the necessary interchanges of fields and some weight factor
(this will be explained later).

Remember the factors A-\S.,.ANM.%MV in Am.mv"

Q—.\iﬁ mxﬂ.. -..:._ = Osﬁq x.Pu MX»&—:.. i

These factors give - unlike the scalar womm case - a nonsymme-
trical connection between the vertex which contains x; and the
vertex which contains Ty So we define propagators with arrows,
Furthermore every propagator includes mvxlsm.«u.ﬂn and the inte-
gration. A ‘

Before going into the details we give some examples.

k=0:
4 €2:0+2,) d .

Lﬂoﬂuwl. u%.mu. (3 . *k& osmC?mt (2.20)

Y ) :

mx.a.v
k=1: o

€2-4+2)d MC?...\.%C (2,21)

.Ivl’:lYl.lvl@“.\h“M E . (C) *\w&\. \h;&

) (Yap

c:.&;?& 3“:“ Tﬂ\&w& &_._.m— kau\...x..v mx o««x‘ub o.e?...i
. 4 &4 .



(2h-x) 3p (*x-x)3p (*h-x)3p

FXC oy'X
Ah..vxuuso TW N Mv3s Qaﬂ?uhu wﬁﬁvx»vh\w\ Nh% oo QX%R =

d%d . .
\@ .i.“x Pty P/} vrel)

C(¥2°2) |
ivib , iz ‘

= — 3 — =
(zPed mrg *28)L e P(T+2°T) v : q

1303083 3ydrem ® £q (SI8Y30 8Y3 JO .
Texsusd uy) I9Y30 8Y3 JO 3UNODOB 8Xe3 pus sydsad esay) JO euo
£1uo 83BTNOTEBO @M 0OF .madﬁ»nohﬁoo uST1S TT® SepNTOUT 3JUSWILB4LE
STUL °SeTQEBTIBA JOUUT JO juomeSuBII® 8Yj UL Aquo I8FITP Loy
souts .Hwoﬂpnmcﬁ axe Loyj 3eYg saoxd uwed suo jng .Hwnwcanﬂ
TBUOT4OoUNE INO muﬁﬁwoh QOTUA SUOTINGTIFUOD OM] oIB oS8y

e o
: (»'%) .
(zd ..5 (*r'ex) . (eg'ch)  (p"x)
(+g'*f) (§'R) 2:8 'k
=04

$8303987 3ydTem JOo UTITIO oYj puUBISIS®PUN
03 sn sdyey 8Ty $¢2=3 &880 9yq JoJ eTdwexs Isyjous 394 oxeH

¢ | vpry
el Goop G Cxeohry P el 0 L

ame

(€2°2) vedf 7o) @ ¥ A”u.

errged)t pzen” P

?xcxww\—vhcxw \ahovc\ W ﬂ%a—.kivh»\ (79 \vk V\ > Q?Q h

v%.‘Q%m\\ @ 3 it = l&dT
(ee°2) (vprg/ e L P(T4p-T) b ‘

|m|



- 10 =

III. Diagram rules

At first one has to construct all graphs of a given order k,
that is all possible nonequivalent graphs consisting of k
internal lines with arrows. At each point there must be equal
‘numbers of ingoing and ocﬁmowvm~wwbmm. Every graph for a 2-point
“function has two free lines. -

The rules:

To

The graph has the overall factor
(2Kk+2)d
,  qkeddd €
i & (weight factor) = (3.1)
(compensation of
multiple oo:b¢ybmv

cem

The weight factor depends on the symmetry of the graph. One.
may interchange all internal lines of a graph -~ this gives a
factor of k! which is compensated by the 1/k! from the Taylor
expansion. But the interchange of lines or groups of lines in
identical positions (including the direction of arrows) gives
no new case., So we have not k! identical graphs but the higher
the symmetry the less is the number of equal contributions.
This is taken intw account by the factor stow is called here
compensation of multiple oo:ﬁeubm.

2, k

Every vertex carries an f-coefficient with the corresponding
number of spinor indexes. All f-coefficients together yield

a sign factor Auvm from the interchange of fields. moHBmHH%
one can see this by help of the sequence of spinor indexes

of the £ in comparison to the sequence of the spinor indexes
of the Y- -matrices. A

3.
Every vertex yields .gm oou.u.mmwouwwbm vHoa..pce ow dJ 3 (x lwuvl
functions. :
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Some remarks to table 1: &
We have suppressed the indexes Ra\w for convenience. The F-coef-

ficients are defined in C.8:

o 23ed
Faee = € faze

»m short hand notations we uged

&= 38702
w\\au.\: = \Ma“ N\SM\;\:

The oouau.w,usdu..osﬁ u
is in general not expressible by a term having the original
metric. This is a typical deviation from covariance as a
consequence of lattice omwoswmwwobm. In the limit mlvo
- covariance mWoE.@ be reestablished. .

IV, Green's function of the free Fermion

In this case the Lagrangean is

o.Nm = =M vy . Tw.,:,

The full graph moUme reduces to ‘
i Spfexg) = o> + serer ¢ sererer o (4 0

since all Fype= 0 if €52,
In appendix D the contribution of oudmﬁ. k was determined to
be (D.2):

4 P |
”-ﬂ 1 VX.?A Nws\s XE& X\R ulx-\a—hu Dﬂm NXQQ» | AA.QUV

l-g

lim &y reduces to lim a\m?.uva t?.uv the ﬁmc.w“_. d |&sboauob..
E-50 E-»0

In this trivial case thé full series nay cm summed s

. y | )= e x
Sk upiny = .(Wu.o Ix ¥ G ot = FW.“mm.io :
4 W dip 1 *Q . .L.Rx..iﬂ _ &..v m-..lxum\
1 o _QS& =im \m o @med yp-m
so that we have fully reproduced the Green's function for the
free Fermion by our method. ,.

(4.4)
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 Generally: o

Q.Eé

’ .ﬁ = ﬁ .ﬂ «Kev - $ cw AK.,JLH

(2n42) 2n ~ ani4) p
1 (x) = lﬁ.hn e - ﬂa QL.._

(A.2)

This gives -

-, UK) -
£ (x) Mm“ ¥, .w~x+~mV £

g=-<o

. ’l&

K=2nd s :Lﬁwst.

-k

(A.3)

The inverse problem, the lattice analogue to the Taylor
expansion, is solved by the woh_.oswbm expression:

poerts) =5 o) $M e

keo
(A.4)

ﬂkmﬁw“ _hﬂ.wvv % hpl mé.v .Wuw —v-h ( —NC

K=2n-4 : B p (181

§9w::v§m3g5$m§ma"

_2-
Pt = P, (1)  if lelzK
mno «..!. :

(A.5)
else )

P, (2 =2
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@wmamﬂn B: Calculations with Grassmann variables

We give only formulae which are used in this paper. For further
details see _wm.

Let Ypy n= 1, ccoy, N, be the basic elements of an algebra oz
with the additional property v

mz is called a Grassmann algebra. ;
On this algebra we define an involution *f :

) = Yt (B e G,*)
with the properties ‘ i
(1) (¥ tm) = Yu' Ta® (B.2)
(ii) B 4 ..o?.vs; = Y(¥t) = ¥n Aw.wv,
- ) . ,
(iii) - P(a Ya) = @.¥n® (a- w.oh.hroo& (B.4)

The algebra gy = Gy (3] mz,+ is the Grassmann algebra with
involution used within our paper.
The most general element of &y is

Pzt vt = a8 ra,tar SN 4 vt Y
fooe N ,
+o:+ p&on- i-‘\ﬂl nTo.u + pépwo-z n-\&&'i& hbad €t+ﬁt ﬂwomv
8y has the dimension (number of additively gnwumﬂnmb# elements)

mz+é|d. Even elements of &y commute with all elements of gyt

_.-‘..13“3. 4$~.‘: 10 | (B.6)

All functions of Y are linear functions:

fi¥) = ac+ apnta (B.7)
i ° .

e =4+ ¥ m._r.v._\.s # 0,.\: N...-s

——\8.—1*’ & ..38.? -3’ .:.* n—~8 J.ﬂ!..v &\-S

& = €& e - Y
(a+¥n'l= a*+ 2a¥a | | . (B.8)

) .“ e e .

Mty = % N. sn.gis + Cos th no&..\..nl\»c .

and 80 ON ...
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At the other sgside: we define

—

CAK#2)dl
= yM Y™ ¢
. (C.2)
.ﬁt fpapada o pucte I (YD Iy (xXa) eee o (x-y)
+ Ew*\.i x?,r v Brelye IglX=Y) Iy (Xa=tps)-oe g (a=Yu)
+ ﬁ@wi:*n@.ﬁsw
* es ® .
+ of fpe fpada ...&wx&x s (x-Y) g Oca=Ya) ++* g (e -Yu)
+ w@.‘?i&.eo.mu
Setting X=y=X, u%du...\uwwu%w we get
Z\k\wsks ey = & d \hu\w;&; coe Braly
. . (C.3)
2d 4 (Pidy- ppety) | .
+ € ) o s -
BM!:?*..:» *ﬁ ¢d; \hi dn-~ fpely
of <43, {s}
4 oeoe
: kel 3 (fidi=Fpta)
re 2 ¢ ¢ e
permut. *h “ \\w! e \%ﬁ&
.‘ of (81,4
This is the generalization of (2.18).
In analogy to (2.16) is
3 ~%s. wooely) |
= m
*\u &. e Biece &r...on \Px H%oﬁx:&ﬁ.o:u \Q\_&aN
of spiney indexes (C.4)
Using Am.dd and (C.4) we see:

(C.5)

. . W t =
£ o ...F.,_.skr..x = O ;* 8:_ m.m hw:wmx =0



[,ZW 9 = ZAAWTH + MW E= THoNh ~SW] p-3 th-P2 O = P
g [eWT+ THANE-TW] p-3(-P7 6 = 4
[IW-tW]e-3(z-mre = "

W -3 (-Pre = %}

zoae ¥C3 3sary eug

(8°0) 2z %
} pug? = 3
mﬁnwﬁo..n.w.,wm(oo vmﬁm._.”ﬁoa sUTJIop oM mwmomnﬁm J998T IOJ
92T =2
AN..OV . : vo»wmuxw
_ waf egul NM
(i) (2 o po
[*n] 1 2L —2 3@-mo =
2% - ir-d) 6 jae P o
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Now: we will give the most simple example for the coefficients.
Let f; = -m¥¥ (free particle) and d=1 (only one field compo-
nent) s a :

_EmPY
Mga — M [Fave” " gy - (C.9)
pe 2 = [4Fay e EMOY = Tiem
| -ism Py
Mpagada— My \bﬁ:\ e TwEr _ 4 (C.10)
, l.w&:au.?

and so on., If .d>»1 then

A - \..N&S. (Pah +...+4\.&¢\QQ,
.Eﬁ.as&.;&fn , ..wfs

~ig%m (T ¥y 4o & Do 4)

Z%& =
[dT---d¥y e

dpa
_ Jd¥dy ﬁA! i€ .sﬂf.wﬂll.ml.l» mﬂi».?:...- Ve tu _
?ﬂ&w [1- is%mP¥s-.] A

We must have behind [d¥d¥ (2d different mwwﬂmu.mbﬁ.mw.mv 24
different fields. In the mgosubm,«ou we mg a.contribution

from
(-is sL NEARERACS
d!
(d! permutations of the ¥e¥& give: the same contribution.)
In the numerator we get a contribution from .

. d-1 — -
Ciedm) ™ Gt Ty Fu

d-9'
E.wln\w. otherwise zero) . »
S B p
3%& = ZP LW& ZN = i e%m
By an analogical calculation
Mpeg,a, = ®E.~v ?g [ &?n.. = ety &?.L |||lm. )
and so on: ‘ Ow \w “)
el oo S m€n
ma&& (e
3%<ﬂ<..-§(*g&($x ﬁ.m%?v%Wl ﬁ ’ m%.&k Q\\utg s \\W’&’

of 4} and {43 ~ (e.1)



[(#=dp rrelp - P*pvnrip)trgp -
(¥t <pralp ~ *e7p 2 *Ep)vrilp -
(*P35p tprilp - ErEp PYEp ) .i%u ? .* = tptgvpryry )

b= - Burspn
Y

e b
?h-x»\?h.ém\.«x..x»\,?x-éw (h-x)p u.\..IM :\M% J

Ndhtuﬁv\ awhlfwao .ﬂhw e vxw\da.ﬁ d?dm\& _‘th

- ~w~Q..w..m\wQ.\ ..l.\W 3 =
(tmegoregrd) £ P(T+T-T)

UoTJenTeAs ydeds JO sSoldWexe oWog :( Xipuoddy
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_H?x.% tpvglp) + (2P vPYIp) —
(Wp3t-)

ﬁv‘dm\\ ;F.GYQ\‘ d%ﬂM\‘ QYVQ%M T - =
| 1 Steme
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—

one gets with

fax .;_f. [--] = dg (x-9) 2

2&233 ox \? x\:v

~

,\ (o) J; (0)

and 3 *0 = mub

Another example: free Fermion graph of order X (dimension d)

V .lllv B> V ®0 o llll
(4,8) (Yo fd) (Yxfr)
(x4,el4) (X2,02) (X o)

mQ.E,Ea 3 (Bedafig olaf e Buet)
- e *h&; *R.‘&w... *}k&

4 K .
RMQ& o qb-hgx h‘v \&L sae &ﬁqz %Nk&'ubw sse kﬂxxlmt,

W)k&*& o.,o %lx'x\ék kﬂ,u.vk&v Kﬂ«&lxpv e oe \ﬁ“?‘XV

= Lkdd 1
¢ ﬁt.m»\lgu_ﬁ.a o?us O.W..&u. o n\%k& wh;lx ) QNRKR

folxa-- iy WN e Wx., - .zu-i dexa-x2) - .\c:?t

(No derivation with respect to the dotted variables.)
(D.2)

\ 4
A

N f‘ -1 M, 4 _
o> = lm.m.ixlﬁw\ o..\.x..;. «\. m?@kxu omc?uw
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